ABSTRACT. In this paper we give necessary and sufficient conditions under which the group of units of a group ring of a finite group G over a field K does not contain a free subgroup of rank 2.
1. Introduction. Let RG be the group ring of a group G over a commutative unital ring R ; we denote by U(RG) the group of units of this ring. When R = Z, the ring of rational integers, and G is finite, Hartley and Pickel [2] gave necessary and sufficient conditions for U(ZG) to contain no free subgroup of rank two.
In this note we give a similar result when R is a field K of characteristic p>0 and G is a finite group.
We shall also consider certain classes of infinite groups. When G is infinite and p = 0we consider nilpotent and FC groups and when p > 0 we shall give some results for nilpotent groups.
It is interesting to observe that as a consequence, it will follow that if G is finite, and either p = 0, or p>0 and K is not algebraic over the prime field GF(p) then U(KG) has no free subgroup of rank two if and only if U(KG) is solvable.
We (i) T, the torsion subgroup of G, is an abelian subgroup.
(ii) every subgroup of T is normal in G.
As a partial converse we have that if (i) and (ii) hold, then U(QG) has no free subgroup of rank two.
Proof. Since T is locally finite, Theorem 2.1 implies that T is abelian. Now, let x e G\T, aeT and consider H^=(a, x). Since U(KH) has no free subgroup of rank two, by (7), Lemma 3.12, every idempotent of K(a) is central in KH.
Therefore x normalizes (a).
Conversely, if (i) and (ii) hold, then by [7] , Proposition 1.16, every idempotent of QT is central in QG and as in [7] , Theorem VI 4.12 it follows that U(QG) is solvable, hence U(QG) contains no free subgroup of rank two. THEOREM 
Let G be a finite group and K a field of characteristic p >0. Then U(KG) does not contain a free subgroup of rank two if and only if one of the following conditions occurs: (i) G is abelian (ii) K is algebraic over its prime field GF(p) (iii) S P (G), the p-Sylow subgroup of G, is normal in G and G/S P (G) is abelian.

Proof. First we observe that if K is algebraic over GF(p), then for any unit a G U(KG), there exists a finite extension E of GF(p) such that a e U(EG)
is of finite order, hence U(KG) is a torsion group. Now suppose that K is not algebraic over GF(p). Then there exists an element XGK which is transcendental over GF(p). We can construct a locally compact field E with a valuation | | such that |A| ^ 1.
Let O p (G) be the maximum normal p-subgroup of G and J (EG) be the Jacobson radical of EG. Denote by iff : EG -» EG/J(EG) the natural projection ; since J (EG) is a nilpotent ideal we know that \\f induces an epimorphism
But, if n t > 1 for some index i, we can produce a free subgroup of rank two in M ni (E) . Set Since each D-is finite dimensional over its center, by Lemma 2.0 each D\ is a field.
Therefore G/S P (G) is abelian. The converse is trivial. PROPOSITION 
Let G be a nontorsion nilpotent group, T be the torsion subgroup of G and S P (T) the p-Sylow subgroup of T. If U(KG) has no free subgroup of rank two then: (i) T/S P (T) is abelian, with every subgroup normal in G/S P (T).
